Abstract. We prove an existence h-principle for regular Lagrangians with Legendrian boundary in arbitrary Weinstein domains of dimension at least six; this extends a previous result of Eliashberg, Ganatra, and the author for Lagrangians in flexible domains. Furthermore, we show that all regular Lagrangians come from our construction and describe some related decomposition results. We also prove a regular version of Eliashberg and Murphy's h-principle for Lagrangian caps with loose negative end. As an application, we give a new construction of infinitely many regular Lagrangian disks in the standard Weinstein ball.
1. Introduction 1.1. Existence h-principle for Lagrangians. In [8] , Eliashberg, Ganatra, and the author introduced the class of regular Lagrangians in Weinstein domains. These Lagrangians have Weinstein complement and hence can be constructed by coupled Weinstein handle attachment. Regular Lagrangians have the advantage that they can be manipulated via Weinstein homotopy moves and studied via Legendrian knot theory. The special class of flexible Lagrangians, which have flexible Weinstein complement, was also defined in [8] . It was shown that flexible Lagrangians with non-empty boundary satisfy an existence and uniqueness h-principle, demonstrating that flexible Weinstein domains have many Lagrangians with Legendrian boundary. The slightly more general class of semi-flexible Lagrangians was also introduced; these are constructed by considering a flexible Lagrangian in a flexible Weinstein domain and taking the boundary connected sum with an arbitrary Weinstein domain. However as shown in [8] , semi-flexible Lagrangians have vanishing wrapped Floer homology and hence there is no general existence h-principle for semi-flexible Lagrangians in arbitrary Weinstein domains. For example, there is no semi-flexible representative of the cotangent fiber T * M x ⊂ T * M; see Corollary 6.4 of [8] . In this paper, we will give a general existence hprinciple for Lagrangians with Legendrian boundary in an arbitrary Weinstein domain. Although the resulting Lagrangians cannot be flexible (or semi-flexible) in general, it is interesting to note that their construction uses flexible Lagrangians in a crucial way and in some sense generalizes the construction of semi-flexible Lagrangians.
We first recall the necessary differential-topological condition for a manifold to admit a Lagrangian embedding into a Weinstein domain. As in [8] , a formal Lagrangian embedding of L into a Weinstein domain W is a pair (f, Φ t ), where f : (L, ∂L) → The author was supported by an NSF postdoc fellowship.
(W, ∂W ) is a smooth embedding and Φ t : T L → T W , t ∈ [0, 1], is a homotopy of injective homomorphisms covering f such that Φ 0 = df and Φ 1 is a Lagrangian homomorphism, i.e. Φ 1 (T x L) ⊂ T x W is a Lagrangian subspace for all x ∈ L. Note that we do not impose any conditions on Φ t restricted to ∂L and that this definition makes sense even if L does not have boundary. We say that two formal Lagrangians are formally Lagrangian isotopic if they are isotopic through formal Lagrangians. The following result says that this necessary condition for the existence of a Lagrangian embedding is in fact sufficient. Theorem 1.1. Suppose that L n , n ≥ 3, has non-empty boundary and admits a formal Lagrangian embedding into a Weinstein domain W 2n . Then L n admits a regular Lagrangian embedding into W 2n in the same formal Lagrangian isotopy class.
In particular, Theorem 1.1 constructs many regular Lagrangians in arbitrary Weinstein domains. As explained before, these Lagrangians are in general not flexible (if W is not flexible) nor semi-flexible. For example, if L · L ′ = 0 for some closed exact Lagrangian L ′ ⊂ W , then L has non-vanishing wrapped Floer homology and hence cannot be semi-flexible [8] . Unlike flexible Lagrangians, these Lagrangians will not be unique in their formal class; see Theorem 1.2 and Corollary 1.7 below.
We also note that the restriction n ≥ 3 in Theorem 1.1 cannot be removed. For example, there is a formal Lagrangian embedding of the punctured torus T 2 \D 2 ֒→ B 4 such that S 1 = ∂(T 2 \D 2 ) ֒→ S 3 is the smooth unknot. However, it is known that any exact 2-dimensional Lagrangian whose Legendrian boundary is the smooth unknot must be a disk [7] . A 4-dimensional construction similar to the one in Theorem 1.1 was considered by Yasui [18] , who produced many Lagrangian disks in B 4 . However, these disks necessarily have different formal classes, and even smooth isotopy classes.
1.2. Decomposition of regular Lagrangians. The proof of Theorem 1.1 involves first using the existence h-principle from [8] to realize the formal Lagrangian as a flexible Lagrangian in the flexible domain W 2n f lex and then applying the following result from previous work [13] 
f lex and some arbitrary Weinstein domain W 0 . However the former decomposition is much more general than the latter because the attaching spheres of the Weinstein handles of C 2n can link symplectically with the Legendrian boundary ∂L n f lex . A slight modification of Theorem 1.2 implies the following decomposition result for disks in cotangent bundles of spheres.
Here T * D n is equipped with the standard subcritical Weinstein structure, Λ is some [8] , it was shown that for any closed smooth manifold M n , n ≥ 3, satisfying the appropriate formal conditions, there is a Weinstein structure T * S n M on T * S n that contains M as a regular Lagrangian. These examples are constructed by using the flexible Lagrangian existence h-principle [8] to produce a flexible embedding M n \D n ⊂ B 2n std and then attaching a handle to
std . In fact, all regular Lagrangians in T * S n can be constructed this way. More generally, we have the following result.
The point of Theorem 1.5 is that the Lagrangian L n \D n is in the flexible structure V 2n f lex . If we allowed V 2n to have an arbitrary Weinstein structure, then this result would follow immediately from the definition of regularity. By Theorem 1.2, the regu-
f lex plus a trivial extension in the Weinstein cobordism V f lex \i(V f lex ), where i : V f lex ֒→ V f lex is some Weinstein embedding.
In general the topology of V f lex in Theorem 1.5 will depend on the formal class of L n ⊂ W 2n . Except for this, we can essentially control the topology of V 2n f lex . For example, a slight modification of Theorem 1.5 shows that for any regular
However, this symplectomorphism does not induce a symplectomorphism between W 2n and W 2n f lex (as it shouldn't). This is because even though ϕ maps M n to M n , it does not map the co-core of
, which would be needed to conclude that W 2n and W 2n f lex are symplectomorphic. In particular, the two co-cores are two regular Lagrangian disks
f lex . In particular, these disks can be smoothly isotopic but are not Lagrangian isotopic.
We can rephrase the above discussion as follows.
Then Theorem 1.5 shows that the following map induced by simultaneous handle-attachment is surjective:
On the right-hand-side, M n \D n is considered as a Lagrangian in W 2n , which is allowed to have an arbitrary Weinstein structure. In particular, the map is surjective even if we consider all Weinstein structures on the right-hand-side since the Weinstein structure on the left-hand-side is always flexible. A similar map just on the level of Weinstein domains is considered in [13] and is also shown to be surjective. Theorem 1.5 shows that surjectivity holds even when we consider Weinstein domains and Lagrangians simultaneously. Now we consider an application of Theorem 1.5. Corollary 1.6. Let S n be a regular Lagrangian sphere in T * S n , with any Weinstein structure. Then there exists a regular disk
For example, the zero-section S std . In particular, the following map is surjective.
Hence there are at least as many regular Lagrangians disks in B 2n std as regular Lagrangian spheres in T * S n , with some Weinstein structure. Since the latter set is infinite, so is the former. More precisely, these Lagrangian disks are not isotopic through exact Lagrangians with Legendrian boundary. In fact, there is no symplectomorphism of B 2n std taking the (completed) disks to each other. Hence these are non-flexible disks in a flexible Weinstein domain. The first such examples were found by Eliashberg, Ganatra, and the author [8] using a different construction based on work of Murphy and Siegel [17] . The disks in [8] were shown to be exotic because the complement Weinstein subdomains obtained by caving them out are also exotic [17] . Since it is not known how to cave out Lagrangians other than disks to produce Weinstein subdomains, it is not clear how to extend the method in [8] to Lagrangians with more general topology. On the other hand, the construction in Corollary 1.7 can be easily modified to create many exotic Lagrangians in B 2n std with non-trivial topology, i.e. there is no topological restriction on the Lagrangian L n in Theorem 1.5 (besides the necessary formal conditions).
Since flexible domains have vanishing symplectic homology, the Lagrangians in Corollary 1.7 all have vanishing wrapped Floer homology. However they can be distinguished by the Legendrian contact homology of their Legendrian boundaries (and so even their Legendrian boundaries are not isotopic). Even though the wrapped Floer homology of these disks vanishes, the Legendrian contact homology does not vanish since the Legendrian boundaries have exact Lagrangian fillings, namely the disks themselves.
Using the regular disks from Corollary 1.7, it is easy to construct exotic disks in the standard cotangent bundle T * S n std disjoint from the zero-section. Abouzaid-Seidel [1] constructed exotic disks in T * S n std that intersect the zero-section S n std many times; these were obtained by looking at the graphs of functions f :
and distinguished by their wrapped Floer homology with the zero-section. However, it was unclear whether there are any exotic disks that intersects S To prove this corollary, we follow the same approach as for Corollary 1.7 and show that a related handle-attachment map
is surjective. The left-hand-side consists of singular regular Lagrangians
, where S n 0 is the zero-section as before; equivalently, we can think of these as regular Lagrangian disks which intersect the zero-section exactly once. On the righthand-side, we consider arbitrary Weinstein structures on the plumbing
We can summarize the approach in Corollaries 1.7, 1.8 as follows. Once we know that a certain class of structures have many distinct objects, i.e. display rigidity, we can conclude via a flexibility argument that related classes also have many distinct objects without using rigid techniques separately on this second class. In practice, the only method we currently have to show rigidity in the symplectic setting is through J-holomorphic curve invariants (Legendrian contact homology in the examples above). But the argument above shows that whatever method can be used to prove rigidity in the first class can also be used to prove rigidity in the second class. So although it is unclear if flexibility can ever create rigidity on its own, we see that flexibility can propagate rigidity once it is estabilished for some other reason.
1.3. Regular Lagrangian caps. As noted before, it is an open question whether all exact Lagrangians in Weinstein domains are regular. However this is known to be false for Weinstein cobordisms W with non-empty negative end ∂ − W . Eliashberg and Murphy [10] showed that there is an existence h-principle for Lagrangians caps whose negative end in ∂ − W is a loose Legendrian. Hence it is possible to construct exact non-regular Lagrangians in W by applying the h-principle to a formal Lagrangian embedding whose complement cobordism has homology above the middle-dimension (and therefore cannot be a Weinstein cobordism for topological reasons). In fact, Murphy [16] used the caps h-principle to construct non-regular closed, exact Lagrangians in the symplectization of overtwisted contact manifolds.
The proof of the Lagrangian caps h-principle involves Gromov's h-principle for Lagrangian immersions [12] and a version of the Whitney trick (which relies on the looseness of the negative end) to remove the double-points of the immersion. These operations do not take the ambient Weinstein structure into account and hence do not produce regular Lagrangians in general, as noted above. In particular, it was not known whether there is an existence h-principle for regular Lagrangian caps with loose negative end. Here we show that such an h-principle does hold, assuming the necessary formal conditions. We say that a smooth cobordism W 2n is an almost Weinstein cobordism if W 2n has an almost complex structure and admits a Morse function all of whose critical points have index at most n (and is increasing, decreasing near the positive, negative boundaries of W 2n respectively). 
Proofs of Results
We now give proofs of the results stated in the Introduction. We will need to use the following decomposition theorem from [13] and its variations. We briefly recall the proof of this result. Given two Legendrian spheres Λ 0 , Λ in (Y, ξ) = ∂W 0 , we can handle-slide Λ over Λ 0 and get a new Legendrian h Λ 0 (Λ). Although Λ 0 Λ and Λ 0 h Λ 0 (Λ) may not be isotopic even as smooth links, the Weinstein structures
A handle-slide depends on the choice of a local chart where Λ 0 , Λ look like parallel Legendrians and h Λ 0 (Λ) is obtained by replacing Λ with the cusp connected sum of Λ 0 , Λ in this local chart; see [3] . Theorem 2.1 is essentially proven by showing that for any Legendrian link Λ 0 Λ 1 · · · Λ k , we can choose local charts so that the handle-slid link h Λ 0 (Λ 1 ) · · · h Λ 0 (Λ k ) is loose (but not loose in the complement of Λ 0 ). To be more precise, we actually need to do two handle-slides of opposition signs over Λ 0 to ensure that the cobordism C 2n is smoothly trivial; see [13] . Now we use Theorem 2.1 to prove Theorem 1.1. ) to a cancelling Legendrian that intersects the belt sphere of H n−1 Λ 0 in a single point. We can assume that this smooth isotopy is supported in a neighborhood of some collection of Whitney 2-disks with boundary on Λ and the belt sphere of H n−1 Λ 0 . Let ϕ t be the extension of this smooth isotopy to an ambient diffeotopy of ∂(W f lex ∪ H n−1 Λ 0 ), which is also supported in a neighborhood of these disks, and let A ⊂ ∂W f lex be the subset where ϕ t is the identity. Now we will show that there is a diffeomorphism ψ between W f lex and W which is the identity on A. Here we view A ⊂ ∂W f lex \Op(Λ 0 Λ) as a subset of ∂W , where Op(Λ 0 Λ) is a neighborhood Λ 0 , Λ in ∂W f lex along which the handles are attached; note that Λ intersects ∂W f lex in a punctured Legendrian sphere whose boundary lies in Λ 0 . To produce the diffeomorphism ψ, we use the isotopy ϕ t to homotope the gradient-like vector field in W \W f lex rel ∂W f lex to a vector field with no zeroes and flow along that vector field. However this new vector field is no longer Liouville for the symplectic structure on W \W f lex and so ψ will not be a symplectomorphism. Since ϕ t is the identity on A, this vector field is fixed over A and so ψ is the identity on A. We note that ψ is an almost symplectomorphism since W \W f lex is smoothly trivial and any almost symplectic structure on a smoothly trivial cobordism is homotopic to the product structure.
Let F : L n → W 2n be the given formal Lagrangian embedding which we seek to realize by a genuine Lagrangian embedding. Then ψ −1 • F is a formal Lagrangian in W 2n f lex . By the existence h-principle for Lagrangians in flexible Weinstein domains [8] ,
f lex . We can Legendrian isotope the Legendrian boundary ∂L n f lex ⊂ ∂W 2n f lex so that it is disjoint from the isotropic attaching spheres Λ 0 , Λ of the two handles in C 2n . This is because a small neighborhood of ∂L f lex is contactomorphic to J 1 (∂L f lex ) and nearby Legendrians are given by graphs of 1-jets of functions. Thom's jet transversality theorem shows that for any submanifold Σ k of J 1 (∂L n f lex ) such that k < n, there exists a C 0 -small function on ∂L n f lex whose 1-jet in J 1 (∂L n f lex ) is disjoint from Σ k ; see Theorem 2.3.2 of [9] . The isotropic attaching spheres Λ n−2 0 , Λ n−1 of C 2n have dimension less than n and hence we can find such a Legendrian isotopy of ∂L f lex . In particular, we can assume that L f lex ⊂ W f lex is a flexible Lagrangian such that ∂L n f lex is disjoint from these attaching spheres. Furthermore, since n ≥ 3, we can assume that ∂L n f lex is disjoint from the Whitney 2-disks inducing ϕ t and hence contained in A ⊂ ∂W 2n f lex . Now we attach handles to W 2n f lex along Λ 0 , Λ to form W 2n . Since ∂L n f lex is disjoint from these attaching spheres, it extends trivially to a Lagrangian with Legendrian boundary in W 2n which we also call L n . Since the cobordism C 2n is Weinstein, L n is regular in W 2n .
Finally, we note that L n ⊂ W 2n is in the original Lagrangian formal class F . Since ∂L n f lex is contained in A and the almost symplectomorphism ψ between W 2n f lex and W 2n is the identity on A, ψ(L n f lex ) agrees with its trivial extension L n ⊂ W 2n described previously. Since L n f lex ⊂ W 2n f lex is in the formal class ψ −1 • F by construction and the almost symplectomorphism ψ preserves Lagrangian formal classes, L n = ψ(L n f lex ) will be in the desired formal class F . Remark 2.2. Even when W = W f lex , the almost symplectomorphism ψ produced via the procedure above will not be a symplectomorphism. If ψ were a symplectomorphism (of completions), then L = ψ(L f lex ) ⊂ ψ(W f lex ) = W f lex would be a flexible Lagrangian. However as we will see later in Theorem 1.2 and Corollary 1.7, all regular Lagrangians are of the form ψ(L f lex ) but there are non-flexible Lagrangians even in flexible Weinstein domains.
As noted before, Theorem 1.1 does not hold in dimension 4 since there are Lagrangian formal classes not realized by any genuine Lagrangians. However an analogous construction in dimension four was considered by Yasui [18] , who constructed many Lagrangians disks in B 4 std by trivially extending the Lagrangian unknot
std across a trivial Weinstein cobordism (S 3 , ξ std ) × [0, 1], presented as a Weinstein cobordism with two handles of index 1 and 2. These Lagrangian disks (and their Legendrian boundaries) are often in different formal classes, even different smooth isotopy classes; for example, there exist many smoothly slice knots in S 3 that are not isotopic to the unknot. Theorem 1.1 is high-dimensional which gives us control over the formal class of the Lagrangian.
It is also crucial that the cobordism C 2n is Weinstein. In this case, we can make the Legendrian boundary of L n f lex disjoint from the attaching Legendrians and extend L n f lex to a Lagrangian in W 2n . So the key idea is that a Weinstein cobordism C 2n modifies its negative contact boundary ∂ − C 2n only in a small region, of dimension less than n. If we only knew that the cobordism had a Liouville structure, as shown earlier by Eliashberg and Murphy [10] , then we could not necessarily conclude that the Lagrangian extends since the Liouville cobordism could in principle modify the negative boundary ∂ − C 2n in an arbitrarily large region. In particular, the following question is open.
Question 2.3. Is there an existence h-principle for exact Lagrangians with Legendrian boundary in general Liouville domains?
Of course these Lagrangians will not be regular since the ambient domain is not Weinstein. A related question is which Liouville domains are non-degenerate in the sense of Ganatra [11] . Now we prove Theorem 1.2 that all regular Lagrangians with Legendrian boundary come from the construction in Theorem 1.1.
Theorem 2.1, we can homotope X 2n to X 2n f lex ∪ C 2n , where C 2n is smoothly trivial. The proof of this result involves Weinstein homotoping X 2n to X 2n f lex ∪ C 2n relative to the closed contact manifold ∂T * L n . However, we can also do this Weinstein homotopy relative to ∂T * L n \∂L n , i.e. view X 2n as cobordism with corners ∂ST * L and require the homotopy to be fixed on the corners as well. This is because we can pick the Darboux balls and isotropic arcs in [13] used to do the handle-slides away from ∂L. As a result, the attaching spheres of X 2n f lex will be loose in the complement of 
Here T * D n has the standard Weinstein structure and C 2n is a Weinstein cobordism with corners, which by the Whitney trick and fact that n ≥ 3 has a smooth handle-body decomposition with a single handle of index n. By a slight variation on Theorem 2.1 (see Theorem 1.1 of [13] ), C 2n can be Weinstein homotoped (relative to the corners ∂ST * D n ) to a Weinstein structure with a single Weinstein handle of index n.
Now we prove Theorem 1.5, a version of Theorem 1.2 for closed Lagrangians.
Proof of Theorem 1.5.
is the subcritical part of C 2n . By attaching the single n-handle of T * M after these n-handles of C 2n , we can consider Λ as a Legendrian link in
, the original Weinstein structure. More precisely, this homotopy is just a Legendrian iso-
Applying Theorem 1.5 to Lagrangian spheres in cotangent bundles, we prove Corollary 1.6.
Proof of Corollary 1.6. By Theorem 1.5, (
The co-core C n of the handle H n ∂D n intersects S n in exactly one point and hence [
Since V f lex is obtained by caving out C n from T * S n , we see that V f lex is a homology ball (with simply-connected boundary since n ≥ 3). By the hcobordism theorem, V f lex must be diffeomorphic to the ball. Since V f lex is flexible and the ball has a unique almost symplectic structure, V f lex must be Weinstein homotopic to B 2n std by the h-principle for flexible Weinstein structures [5] .
We can use Corollary 1.6 to produce many Lagrangian disks in the standard Weinstein ball and prove Corollary 1.7.
Proof of Corollary 1.7. McLean constructed an exotic Weinstein ball Σ 2n , n ≥ 4, and showed that Σ 
is an infinite collection of such structures, where Σ 2n k are McLean's exotic Weinstein structures on the ball [14] . The surjectivity of Equation 1.3 basically follows from a relative version of Theorem 1.5, which was used to prove the surjectivity of Equations 1.1, 1.2. Namely, we can view ( n is formally isotopic to a product Lagrangian. Since ∂ + L n is Legendrian isotopic to Λ + , ∂ − L n must be formally isotopic to Λ − . Since ∂ − L n and Λ − are both loose, they are Legendrian isotopic by the h-principle for loose Legendrians [15] . This finishes the proof of Theorem 1.9 when ∂ + L is non-empty.
Finally, we prove the case when ∂ + L is empty. We first realize L as a flexible Lagrangian in W f lex with ∂ − L = Λ − . We cannot directly apply the h-principle for flexible Lagrangians [8] since ∂ + L = ∅. Instead, we first Weinstein homotope W We conclude by proving Corollary 1.10, an h-principle for Weinstein embeddings of flexible domains.
Proof of Corollary 1.10. By Theorem 2.1, X f lex is a Weinstein subdomain of X such that X\X f lex is smoothly trivial. Also, we can realize the almost Weinstein cobordism X\W f lex by a flexible cobordism C f lex by Eliashberg's existence h-principle [5] . Then W f lex ∪ C f lex is a flexible domain that is almost symplectomorphic to X f lex . So by the h-principle for flexible domains [5] , W f lex ∪ C f lex is Weinstein homotopic to X f lex . In particular, W f lex is a Weinstein subdomain of X f lex and hence a Weinstein subdomain of X. Since X\X f lex is smoothly trivial, this new embedding is smoothly isotopic to the original embedding.
Remark 2.5. Alternatively, we can prove Corollary 1.10 by first constructing a Weinstein embedding of W sub into X and then using Theorem 1.9 to find a regular embedding of the cores of the n-handles of W f lex into X\W sub . This second proof is more along the lines of Eliashberg and Murphy's original proof [10] of this result for Liouville embeddings, which directly uses their Lagrangian caps h-principle.
